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1. Introduction
A differential graded (= dg) category is a category enriched in the category of complexes of
modules over some commutative base ring R . Dg categories provide a framework for homological
geometry and for non-commutative algebraic geometry in the sense of Bondal, Drinfeld, Kapranov,
Kontsevich, Toën, Van den Bergh, . . . [1–4,9,10,17]. They are considered as (enriched) derived cat-
egories of quasi-coherent sheaves on a hypothetical non-commutative space (see Keller’s ICM-talk
survey [8]).
Postnikov towers, k-invariants and obstruction theory. In [16], we developed Postnikov towers, k-
invariants and an obstruction theory for homologically connective dg categories. Let us now recall our
main results: we started by showing how to ‘decompose’ a homologically connective dg category A
into its Postnikov sections Pn(A), n 0 (see [16, 4.13–4.17])
.
.
.
P2(A)
P1(A)
A
P0
P1
P2
P0(A) .
Then we constructed, for each n 0, a dg functor
γn : Pn(A) −→ Pn(A)  Hn+1(A)[n + 2]
to a square-zero extension of Pn(A) (see [16, 5.9]). Its image in the homotopy category
Ho(dgcat ↓ Pn(A)) of dg categories over Pn(A) is called the nth k-invariant αn(A) ofA (see [16, 5.12]).
Our main theorem (see [16, 5.16]), claims that we have a homotopy ﬁber sequence
Pn+1(A) −→ Pn(A) γn−→ Pn(A)  Hn+1(A)[n + 2]
in Ho(dgcat ↓ Pn(A)). This implies that the full homotopy type of Pn+1(A) can be entirely recovered
from αn(A).
2928 G. Tabuada / Journal of Algebra 321 (2009) 2926–2942Finally, we studied the following ‘rigidiﬁcation’ problem: let A be a homologically connective dg
category and F0 : B −→ H0(A) a dg functor with values in its homotopy category. Is there a lift
F : B −→A making the diagram
A
τ0
B
F0
F
H0(A)
commute?
In order to solve this problem, we consider a Postnikov tower for A
.
.
.
P2(A)
P1(A)
B
F2
F1
F0
H0(A)  P0(A)
and we try to lift F0 to dg functors Fn : B→ Pn(A) for n = 1,2 . . . , in succession. The image of the
composed dg functor
B Fn−→ Pn(A) γn−→ Pn(A)  Hn+1(A)[n + 2]
in Ho(dgcat ↓ Pn(A)) is called the obstruction class ωn(Fn) of Fn (see [16, 6.2]). We proved (see
[16, 6.6]) that, if at each stage of the inductive process of constructing lifts Fn : B −→ Pn(A), the
obstruction class ωn(Fn) vanishes, then a lift F : B→A for F0 exists and so the ‘rigidiﬁcation’ prob-
lem has a solution.
Non-commutative André–Quillen cohomology theory. The aim of this article is to build the natu-
ral cohomology theory in which the k-invariants and obstruction classes live in. By inspiring ourselves
in André–Quillen’s work [13] on commutative rings, we develop a cohomology theory in the context
of dg categories: to a dg category A and a A-bimodule M , we associate a family of absolute cohomol-
ogy R-modules with coeﬃcients in M (see 5.2)
Dq(A,M), q ∈ Z.
The zero cohomology R-module D0(A,M) corresponds to the derived derivations of A with val-
ues in M (see 4.3). Our construction is based on the absolute non-commutative cotangent complex LA
(see 5.1) obtained by deriving the functor Ω1nc(−) of non-commutative 1-forms (see 4.8).
In Section 5.1, we describe the relationship between Hochschild cohomology HH∗ and our coho-
mology theory: we show that every derived derivation γ of A with values in itself, induces a map
γ ∗ : HHq(A,M) −→ Dq(A,M), q ∈ Z,
G. Tabuada / Journal of Algebra 321 (2009) 2926–2942 2929from the Hochschild cohomology R-modules and the absolute ones (see Proposition 5.6). When A is
a dg algebra A (i.e. A has only one object and its endomorphisms dg algebra is A), we construct a
long exact sequence
· · · → D−1(A,M) δ→ HH0(A,M) → H0(M) → D0(A,M) δ→ HH1(A,M) → ·· ·
relating the two cohomology theories (see Proposition 5.7). In particular if the A-bimodule M
has homology concentrated in degree p ∈ Z, we obtain isomorphisms Dq(A,M) ∼−→ HHq+1(A,M),
q = {p − 1, p} (see Corollary 5.8).
We then develop a relative theory: to a dg functor A−→ B and a B-bimodule M , we associate a
family of relative cohomology R-modules (see 6.6)
Dq(B/A,M), q ∈ Z.
We prove that our relative theory generalizes the absolute one (see 6.5) and
– is cohomological in M , i.e. a short exact sequence
0 −→ M −→ M ′ −→ M ′′ −→ 0
of B-bimodules induces a long exact sequence in cohomology (see Proposition 6.7)
· · · → D−1(B/A,M ′′) δ→ D0(B/A,M) → D0(B/A,M ′) → D0(B/A,M ′′) δ→ D1(B/A,M) → ·· ·
– satisﬁes transitivity, i.e. if A F−→ B G−→ C are dg functors, then there is a homotopy coﬁber se-
quence
LG∗(LB/A) −→ LC/A −→ LC/B
in the homotopy category Ho(C-Bimod) of C-bimodules (see Proposition 6.9). In particular if M
is a C-bimodule, we have a long exact sequence in cohomology (see Corollary 6.10)
· · · → D−1(C/B,M) δ→ D0(B/A,G∗(M))→ D0(C/A,M) → D0(C/B,M)
δ→ D1(B/A,G∗(M))→ ·· ·
– satisﬁes a Mayer–Vietoris’s property, i.e. if
A F
H 
B
G
A′
F ′
B′
in a homotopy co-cartesian square in Ho(dgcat), then the natural induced morphism
LF ′∗(LA′/A) ⊕ LG∗(LB/A) ∼−→ LB′/A
is an isomorphism in Ho(B′-Bimod) (see Proposition 6.11). In particular if M is a B′-bimodule,
we obtain isomorphisms (see Corollary 6.12)
Dq(B′/A,M)  Dq(A′/A, F ′∗(M))⊕ Dq(B/A,G∗(M)), q ∈ Z.
2930 G. Tabuada / Journal of Algebra 321 (2009) 2926–2942Finally, we show in Section 7 that the proposed cohomology theory is the correct algebraic setting for
the k-invariants and the obstruction classes:
– we prove that the nth k-invariant αn(A) of a homologically connective dg category A belongs
naturally to the absolute cohomology R-module Dn+2(Pn(A),Hn+1(A)), and
– the obstruction class ωn(F ) of a dg functor F : B −→ Pn(A) belongs naturally to the absolute
cohomology R-module Dn+2(B, F ∗(Hn+1(A))).
2. Notation
In what follows, R will denote a commutative ring with unit. The tensor product ⊗ will denote the
tensor product over R . Let Ch be the category of complexes of R-modules (we consider homological
notation, i.e. the differential decreases the degree). Recall from [7, 2.3.11], that Ch carries a coﬁbrantly
generated projective model structure [12], whose weak equivalences are the quasi-isomorphisms and
whose ﬁbrations are the morphisms which are surjective in all degrees. Moreover the category Ch is
naturally enriched over itself in the sense of [7, 4.2.18].
Throughout the article the adjunctions are displayed vertically with the left, resp. right, adjoint on
the left-hand side, resp. right-hand side.
3. DG categories
By a dg category, we mean a category enriched over the symmetric monoidal category Ch, see
[14, 1.1].
Notation 3.1. We denote by dgcat the category of small dg categories.
3.1. Bi-modules
Let A be a small dg category. The opposite dg category Aop of A has the same objects as A and
its complexes on morphisms are deﬁned by Aop(x, y) =A(y, x). By a A-bimodule M , we mean a dg
functor M :Aop ⊗A→ Ch.
Notation 3.2. We denote by A-Bimod the category of A-bimodules.
Notice that as Ch is coﬁbrantly generated, the category A-Bimod is naturally endowed with a
(coﬁbrantly generated) Quillen model structure, see for example [6, 11]. Moreover the natural Ch-en-
richment of A-Bimod endows furthermore A-Bimod with a structure of Ch-model category in the
sense of [7, 4.2.18].
The Ch-enriched Hom’s of the category A-Bimod will be denoted by Hom(−,−) and its derived
version by
RHom(−,−) : Ho(A-Bimod)op × Ho(A-Bimod) −→ Ho(Ch).
In particular, for two A-bimodules M and M ′ we have a natural isomorphism
Ho(A-Bimod)(M,M ′)  H0
(
RHom(M,M ′)
)
.
Now, let F :A−→ B be a dg functor. By composing with F we obtain a restriction functor
F ∗ : B-Bimod −→A-Bimod.
Notice that F ∗ admits a left adjoint
F∗ :A-Bimod −→ B-Bimod
G. Tabuada / Journal of Algebra 321 (2009) 2926–2942 2931and the adjunction (F∗, F ∗) is clearly a Quillen adjunction, compatible with the Ch-enrichment. More-
over, if F is a quasi-equivalence (see 3.3) the adjunction (F∗, F ∗) is a Quillen equivalence, see [17, 3.2].
3.2. Model structure(s)
Recall from [14, 1.6] the following notion of quasi-equivalence:
Deﬁnition 3.3. A dg functor F :A−→ B is a quasi-equivalence if:
(i) for all objects x, y ∈A, the induced morphism
F (x, y) :A(x, y) ∼−→ B(F x, F y)
is a quasi-isomorphism in Ch, and
(ii) the induced functor H0(F ) : H0(A) ∼−→ H0(B) is an equivalence of categories.
Now, let I be a (ﬁxed) small set.
Notation 3.4. We denote by dgcatI the category of small dg categories which have a ﬁxed set of
objects I . The morphisms in dgcatI induce the identity map on the set of objects.
Remark 3.5. Notice that since the category Ch carries a coﬁbrantly generated Quillen model structure,
the category dgcatI admits a standard model structure, see [15, 5.2]. The weak equivalences (resp.
ﬁbrations) are the morphisms F :A→ B such that
F (x, y) :A(x, y) −→ B(F x, F y), x, y ∈A,
is a weak equivalence (resp. ﬁbration) in Ch.
Notation 3.6. Let A be a small dg category. We denote by |A| its set of objects and by dgcat|A| ↓A
the category of objects in dgcat|A| over A, see [6, 7.6.2].
Recall from [6, 7.6.5] that dgcat|A| ↓A carries a natural Quillen model structure induced by the
one on dgcat|A| . In particular an object B→A in dgcat|A| ↓A is coﬁbrant if and only if B is coﬁbrant
in dgcat|A| and it is ﬁbrant if and only if the morphism B A is a ﬁbration in dgcat|A| . Notice
also that if F :A−→ B is a dg functor, we have an induced functor
F ! : dgcat|B| ↓ B −→ dgcat|A| ↓A,
which associates to an object C −→ B, the object A×
B
C −→A calculated in the category dgcat.
Proposition 3.7. The functor F ! admits a total right derived functor
RF ! : Ho(dgcat|B| ↓ B) −→ Ho(dgcat|A| ↓A).
2932 G. Tabuada / Journal of Algebra 321 (2009) 2926–2942Proof. By proposition [6, 8.4.4], it is enough to show that F ! preserves weak equivalences between
ﬁbrant objects. Let
C ∼ C′
B
be a weak equivalence between ﬁbrant objects in dgcat|B| ↓ B. Notice that by construction of pull-
backs in dgcat, we have (for all objects x, y ∈A) the following pullback square in Ch:
(A×
B
C)(x, y)

C(F x, F y)
A(x, y) B(F x, F y) .
Since the projective model structure on Ch is right proper and the map C(F x, F y) B(F x, F y) is
a ﬁbration in Ch, corollary [6, 13.3.8] implies that the previous pullback is a homotopy pullback and
so the induced morphism F !(C) ∼−→ F !(C′) is a weak equivalence in dgcat|A| ↓A. 
Remark 3.8. Notice that if F is a quasi-equivalence then the total right derived functor RF ! is fully-
faithful.
4. Square-zero extensions, derivations and non-commutative forms
Deﬁnition 4.1. Let A be a dg category and M a A-bimodule. The square-zero extension A  M of A
by M is the dg category deﬁned as follows: its objects are those of A and for objects x, y ∈ A we
have
(A M)(x, y) :=A(x, y) ⊕ M(x, y).
The composition in A M is deﬁned using the composition on A, the above bimodule structure and
by imposing that the composition between M-factors is zero.
Remark 4.2. Observe that A is a (non-full) dg subcategory of A  M and that we have a natural
projection dg functor
A M A ,
which is clearly a ﬁbration in dgcat|A| , see Remark 3.5.
The square-zero extension construction is functorial in M: if η : M −→ M ′ is a morphism of A-
bimodules, we have for all objects x, y ∈A an induced morphism in Ch
A(x, y) ⊕ M(x, y)
[
Id 0
0 η(x, y)
]
A(x, y) ⊕ M ′(x, y)
G. Tabuada / Journal of Algebra 321 (2009) 2926–2942 2933which preserves units and composition. We obtain in this way a morphism
η∗ :A M −→A M ′
in dgcat|A| ↓A and so a square-zero extension functor
A-Bimod
A−
dgcat|A| ↓A .
Deﬁnition 4.3.
– A derivation ofA with values in aA-bimodule M is a morphism in dgcat|A| ↓A from A to A M ,
or equivalently a section of the natural projection dg functor A M A .
– A derived derivation of A with values in a A-bimodule M is a morphism in the homotopy category
Ho(dgcat|A| ↓A) from A to A M .
Notation 4.4. We denote by Der(A,M) (resp. RDer(A,M)) the set of derivations (resp. derived deriva-
tions) of A with values in M . We will see later that these sets are naturally R-modules. The (derived)
derivation obtained by considering A as a dg subcategory of A M is called the trivial one.
Example 4.5. Notice that if A is a R-algebra A (i.e. A has only one object and its endomorphisms
R-algebra is A), the notion of derivation coincides with the classical one, i.e. a R-linear map
D : A −→ M which satisﬁes the Leibniz relation
D(ab) = a(Db) + (Da)b, a,b ∈ A.
Theorem 4.6. The square-zero extension constructionA – admits a left adjoint functor Ω1nc(−).
Proof. The proof will consist on verifying the conditions of Freyd’s adjoint functor theorem, see
[11, V-2]. Clearly the category A-Bimod is complete. Since A is small and Ch has small hom-sets,
the category A-Bimod has also small hom-sets, see [11, II-4].
We now show that the functor A – preserves limits. Let M and M ′ be two A-bimodules. Notice
that the product of A M with A M ′ in dgcat|A| ↓A corresponds to the ﬁber product in dgcat of
the diagram
A M ′
A M A ,
which clearly identiﬁes with A (M ⊕ M ′). Now, let us denote by E the equalizer of the morphisms
η,	 : M −→ M ′ in A-Bimod. Observe that the equalizer of η∗ and 	∗ in dgcat|A| ↓A corresponds to
the equalizer of η∗ and 	∗ in dgcat, which clearly identiﬁes with A E . This implies that the functor
A – preserves limits.
We now show that the solution set condition is veriﬁed: let (B −→ A) be an object in
dgcat|A| ↓A. Consider any morphism F : B −→ A  M with M a A-bimodule, and take the
sub-A-bimodule S of M generated by the interception of the image of F with M . Notice that, once
given B, the cardinality of S , i.e. the cardinality of the set ∐x,y∈A S(x, y), is bounded. This implies
2934 G. Tabuada / Journal of Algebra 321 (2009) 2926–2942that by taking one copy of each isomorphism class of such A-bimodules S we obtain a small set of
bimodules, and the set of all morphisms B −→A S is then a solution set. 
Remark 4.7. The above theorem implies that the derivations functor
Der(A,−) :A-Bimod −→ Set
is co-representable by Ω1nc(A), i.e. we have a natural bijection
A-Bimod(Ω1nc(A),M) Der(A,M).
Notation 4.8. The A-bimodule Ω1nc(A) is called the A-bimodule of non-commutative 1-forms onA.
By theorem 4.6 we have the adjunction
A-Bimod
A−
dgcat|A| ↓A .
Ω1nc(−)
Proposition 4.9. The previous adjunction is a Quillen adjunction.
Proof. Clearly the square-zero extension functor A – preserves weak equivalences and ﬁbrations.
By deﬁnition [6, 8.5.2] this implies the proposition. 
5. Non-commutative cotangent complex
By Proposition 4.9, we have an induced derived adjunction
Ho(A-Bimod)
A−
Ho(dgcat|A| ↓A) .
LΩ1nc(−)
Deﬁnition 5.1. The absolute non-commutative cotangent complex LA of a dg category A is the A-bimo-
dule LΩ1nc(A).
Notice that LA is a well-deﬁned object in the homotopy category Ho(A-Bimod).
Deﬁnition 5.2. Let M be a A-bimodule. The absolute cohomology R-modules of A with coeﬃcients
in M are given by
Dq(A,M) := H−qRHom(LA,M), q ∈ Z.
Notice that we have the following isomorphisms
G. Tabuada / Journal of Algebra 321 (2009) 2926–2942 2935D0(A,M) := H0RHom(LA,M)
 Ho(A-Bimod)(LA,M)
 Ho(dgcat|A| ↓A)(A,A M)
=: RDer(A,M).
This implies that the derived derivations functor
RDer(A,−) : Ho(A-Bimod) −→ Set
is co-representable by LA .
Proposition 5.3. A short exact sequence
0 −→ M −→ M ′ −→ M ′′ −→ 0
of A-bimodules, i.e. a pointwise short exact sequence in Ch, induces a (coeﬃcients) long exact sequence in
cohomology
· · · → D−1(A,M ′′) δ→ D0(A,M) → D0(A,M ′) → D0(A,M ′′) δ→ D1(A,M) → ·· ·
Proof. Notice that by applying the functor RHom(LA,−) to the short exact sequence
0 −→ M −→ M ′ −→ M ′′ −→ 0
of A-bimodules, we obtain a homotopy ﬁber sequence
RHom(LA,M) −→ RHom(LA,M ′) −→ RHom(LA,M ′′)
in Ho(Ch). Since the category Ho(Ch) is triangulated, we extract a long exact sequence in cohomol-
ogy. 
5.1. Relation with Hochschild cohomology
Let A be a dg category and M a A-bimodule (3.1). We denote by A the canonical A-bimodule
deﬁned by the trivial formula A(x, y) :=A(x, y).
Deﬁnition 5.4. [17, 8.1] The Hochschild cohomology of A with coeﬃcients in M is given by
HHq(A,M) := H−qRHom(A,M), q ∈ Z.
Remark 5.5. Notice the difference between the Hochschild cohomology and our cohomology theory
(5.2). The ﬁrst one is calculated using the canonical A-bimodule A while the second one is calculated
using the non-commutative cotangent complex LA . In particular if M =A, the R-module HH0(A,A)
corresponds to the center of A [5, 5.3] while D0(A,A) corresponds to the R-module of derived
derivations RDer(A,A) (see 4.3).
Proposition 5.6. Each derived derivation γ ∈ RDer(A,A) (see 4.4) induces a map
γ ∗ : HHq(A,M) −→ Dq(A,M), q ∈ Z
from the Hochschild cohomology R-modules and the absolute ones.
2936 G. Tabuada / Journal of Algebra 321 (2009) 2926–2942Proof. Since we have an isomorphism
RDer(A,A)  Ho(A-Bimod)(LA,A),
the derived derivation γ corresponds to a morphism γ : LA →A in Ho(A-Bimod). By applying the
functor RHom(−,M) to this morphism, we obtain a map
γ ∗ : RHom(A,M) −→ RHom(LA,M)
in Ho(Ch) and so an induced map
γ ∗ : HHq(A,M) −→ Dq(A,M), q ∈ Z,
between the cohomology R-modules. 
When A is a dg algebra A (i.e. A has only one object and its endomorphisms dg algebra is A), we
have the following more precise relationship between the two cohomology theories.
Proposition 5.7. Let A be a dg algebra and M a A-bimodule. We have a homotopy ﬁber sequence
RHom(A,M) −→ M −→ RHom(LA,M)
in Ho(Ch), which induces a long exact sequence
· · · → D−1(A,M) δ→ HH0(A,M) → H0(M) → D0(A,M) δ→ HH1(A,M) → ·· ·
in cohomology.
Corollary 5.8. If the A-bimodule M has homology concentrated in degree p ∈ Z, we obtain isomorphisms
Dq(A,M)
∼−→ HHq+1(A,M), q = {p − 1, p}.
Proof. We can start by supposing that A is coﬁbrant (otherwise take a coﬁbrant resolution of A). By
proposition [5, 10.1.2], the A-bimodule Ω1nc(A) of non-commutative 1-forms on A can be described
by the following short exact sequence of A-bimodules
0 −→ Ω1nc(A) −→ A ⊗ A mult−−−−→ A −→ 0.
The dg algebra A is coﬁbrant and so the A-bimodule Ω1nc(A) identiﬁes with the non-commutative
cotangent complex LA . Since the category Ho(A-Bimod) is triangulated, the application of the functor
RHom(−,M) : Ho(A-Bimod)op −→ Ho(Ch)
to the above short exact sequence furnishes us a homotopy ﬁber sequence
RHom(A,M) −→ RHom(A ⊗ A,M) −→ RHom(LA,M)
in Ho(Ch). Notice that RHom(A ⊗ A,M) identiﬁes with the underlying complex of M , and so we
obtain the following homotopy ﬁber sequence
RHom(A,M) −→ M −→ RHom(LA,M)
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· · · → D−1(A,M) δ→ HH0(A,M) → H0(M) → D0(A,M) δ→ HH1(A,M) → ·· ·
in cohomology. 
6. Relative version
Lemma 6.1. Let F :A−→ B be a dg functor. For every B-bimodule M we have an induced morphism
Ho(dgcat|B| ↓ B)(B,B M) −→ Ho(dgcat|A| ↓A)
(A,A F ∗(M))
or equivalent a morphism
RDer(B,M) −→ RDer(A, F ∗(M)),
where F ∗(M) is the restriction of M along F .
Proof. Recall from Proposition 3.7, that we have a total right derived functor
RF ! : Ho(dgcat|B| ↓ B) −→ Ho(dgcat|A| ↓A).
Notice also that we have the following pullback square
A F ∗(M) FId

B M
A
F
B .
Since B  M is ﬁbrant in dgcat|B| ↓ B, the image of B  M under the functor RF ! is isomorphic to
A F ∗(M). Moreover the image of B under the functor RF ! is isomorphic to A and so the functor
RF ! induces the desired morphism. 
Proposition 6.2. Let F :A−→ B be a dg functor. Then there is an induced morphism
LF : LF∗(LA) −→ LB
in the homotopy category Ho(B-Bimod).
Proof. Notice that the morphism of Lemma 6.1 is deﬁned for every B-bimodule M and so gives rise
to a natural transformation
Ho(dgcat0 ↓ B)
(B,B Σ(−))⇒ Ho(dgcat0 ↓A)(A,A Σ(F ∗(−))).
Since by adjunction
Ho(dgcat0 ↓ B)
(B,B Σ(−)) Ho(B-Bimod)(LB,−)
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Ho(dgcat0 ↓A)
(A,A Σ(F ∗(−))) Ho(A-Bimod)(LA, F ∗(−))
the natural transformation corresponds, by the Yoneda lemma, to a morphism
LA −→ F ∗(LB)
in Ho(A-Bimod). By the adjunction (LF∗, F ∗), this corresponds to a morphism
LF : LF∗(LA) −→ LB
in Ho(B-Bimod). 
Lemma 6.3. If F :A−→ B is a quasi-equivalence, then the induced morphism
LF : LF∗(LA) −→ LB
is an isomorphism.
Proof. If F is a quasi-equivalence the induced morphism of Lemma 6.1 is an isomorphism, see Re-
mark 3.8. This implies, by the Yoneda lemma, that the morphism LF is an isomorphism. 
Deﬁnition 6.4. The relative non-commutative cotangent complex LB/A of a dg functor F : A −→ B is
deﬁned as the homotopy coﬁber in Ho(B-Bimod) of the morphism
LF : LF∗(LA) −→ LB.
We have then a distinguished triangle
LF∗(LA) −→ LB −→ LB/A −→ LF∗(LA)[1]
in Ho(B-Bimod).
Remark 6.5.
– Notice that if F : ∅ −→ B, where ∅ is the initial object in dgcat, then L∅  0 and so LB/∅  LB . In
this sense the relative version of the cotangent complex generalizes the absolute one of Deﬁni-
tion 5.1.
– By Lemma 6.3, if the dg functor F is a quasi-equivalence, then the relative cotangent complex
LB/A vanishes. In particular LA/A is always the trivial object in Ho(A-Bimod).
Deﬁnition 6.6. Let F :A−→ B be a dg functor and M a B-bimodule. The relative cohomology R-mo-
dules of B relative to A with coeﬃcients in M are given by
Dq(B/A,M) := H−qRHom(LB/A,M), q ∈ Z.
Notice that the same proof as the one of Proposition 5.3 implies the following result.
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0 −→ M −→ M ′ −→ M ′′ −→ 0
of B-bimodules, i.e. a pointwise short exact sequence in Ch, induces a (coeﬃcients) long exact sequence in
cohomology
· · · → D−1(B/A,M ′′) δ→ D0(B/A,M) → D0(B/A,M ′) → D0(B/A,M ′′) δ→ D1(B/A,M) → ·· ·
Proposition 6.8. Suppose that
A F
H
B
G
A′
F ′
B′
is a commutative square in dgcat. Then there is an induced morphism in
LG/H : LG∗(LB/A) −→ LB′/A′
in Ho(B′-Bimod). Moreover, if H and G are quasi-equivalences, then the induced morphism LG/H is an iso-
morphism.
Proof. Notice that we have the following commutative (solid) diagram in Ho(B′-Bimod):
L(G ◦ F )∗(LA)
LF ′∗(LH )
LG∗(LB)
LG
LG∗(LB/A)
LG/H
LF ′∗(LA′ ) LB′ LB′/A′ .
Since the functor LG∗(−) preserves homotopy coﬁbers, we obtain an induced morphism LG/H in
Ho(B′-Bimod). Moreover if H and G are quasi-equivalences, Lemma 6.3 implies that LG and LH are
isomorphisms and so does LG/H . 
6.1. Transitivity
Proposition 6.9. IfA F−→ B G−→ C are dg functors, then there is a homotopy coﬁber sequence
LG∗(LB/A) −→ LC/A −→ LC/B
in Ho(C-Bimod).
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L(G ◦ F )∗(LA) LG∗(LB) LC
L(G ◦ F )∗(LA/A) LG∗(LB/A) LC/A
LG∗(LB/B) LC/B .
Since the upper left square and the horizontal and vertical rectangles are homotopic co-cartesian, we
conclude that the remaining two squares are also homotopic co-cartesian. In particular we have a
homotopy coﬁber sequence
LG∗(LB/A) −→ LC/A −→ LC/B. 
Corollary 6.10. If A F−→ B G−→ C are dg functors and M is a C-bimodule, we have a long exact sequence in
cohomology
· · · → D1(C/B,M) δ→ D0(B/A,G∗(M))→ D0(C/A,M) → D0(C/B,M) δ→ D−1(B/A,G∗(M))→ ·· ·
Proof. Notice that by applying the functor RHom(−,M) to the homotopy coﬁber sequence
LG∗(LB/A) −→ LC/A −→ LC/B
we obtain a homotopy ﬁber sequence
RHom
(
LG∗(LB/A),M
)−→ RHom(LC/A,M) −→ RHom(LC/B,M)
in Ho(Ch). Since the category Ho(Ch) is triangulated, we extract a long exact sequence in cohomol-
ogy. 
6.2. Mayer–Vietoris property
Proposition 6.11. Suppose that
A F
H 
B
G
A′
F ′
B′
in a homotopy co-cartesian square in dgcat. Then, the natural induced morphism
LF ′∗(LA′/A) ⊕ LG∗(LB/A) ∼−→ LB′/A
is an isomorphism in Ho(B′-Bimod).
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Ho(B′-Bimod)(LB′/A,M) −→ Ho(B′-Bimod)
(
LF ′∗(LA′/A),M
)× Ho(B′-Bimod)(LG∗(LB/A),M)
is an isomorphism. Notice that the left-hand side identiﬁes with the set of derived derivations
RDer(B′,M) which become trivial in RDer(A, (G ◦ F )∗(M)). Since the above square is homotopy
co-cartesian, this set identiﬁes with the product of derived derivations
RDer
(B,G∗(M))× RDer(A′, F ′∗(M))
which become trivial in RDer(A, (G ◦ F )∗(M)). Finally observe that the right-hand side of the induced
morphism corresponds precisely to this set and so the proposition is proven. 
Corollary 6.12. If M is a B′-bimodule, we obtain isomorphisms
Dq(B′/A,M)  Dq(A′/A, F ′∗(M))⊕ Dq(B/A,G∗(M)), q ∈ Z.
7. k-Invariants and obstruction classes
Recall from [16, 5.12–5.13], that the nth k-invariant αn(A) of a homologically connective dg
category A was deﬁned as a derived derivation of Pn(A) with values in the Pn(A)-bimodule
(Hn+1(A))[n + 2]. We have then
αn(A) ∈ RDer
(
Pn(A),
(
Hn+1(A)
)[n + 2]) D0(Pn(A), (Hn+1(A))[n + 2]).
Since
H0RHom
(
LA,
(
Hn+1(A)
)[n + 2]) H−n−2RHom(LA,Hn+1(A))
the nth k-invariant αn(A) belongs naturally to the absolute cohomology R-module
Dn+2(Pn(A),Hn+1(A)).
Let F : B −→ Pn(A) be a dg functor, where Pn(A) is the nth small Postnikov section of A, see
[16, 4.1]. Recall from [16, 6.2–6.3] that the obstruction class ωn(F ) was deﬁned as a derived deriva-
tion of B with values in the restricted B-bimodule F ∗((Hn+1(A))[n + 2]). As in the case of the
k-invariants, the obstruction class ωn(F ) belongs naturally to the absolute cohomology R-module
Dn+2(B, F ∗(Hn+1(A))).
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